The thermal convective and magnetorotational instability is investigated by means of magnetohydrodynamic equations including anisotropic viscosity and resistivity dissipative effects. Magnetic force lines are assumed to be initially isothermal and the heat is restricted to being primarily transported along the magnetic force lines. To obtain the analytic expressions for the growth rate and instability criteria, we neglect the cross-field resistivity by applying our result to the weakly ionized environment. Under this assumption, the general dispersion relation describing the local thermal convective and magnetorotational instability is derived. The effects on the dispersion relation due to anisotropic resistivity and viscosity are discussed. Both the resistivity and viscosity show stabilizing effect on the thermal convective and rotational instability but do not affect the instability criterion. The analytic expression governing the growth rate is presented for Prandtl number P m = 1 case.
I. INTRODUCTION
The magnetorotational instability ͑MRI͒ was first discovered in 1959 by Velikhov 1 and confirmed by Chandrasekhar 1 yr later. 2 The shear magnetohydrodynamic ͑MHD͒ instability in magnetized rotational plasmas is believed to be one of the leading candidates in driving plasma turbulence. 3, 4 The MRI has become an issue of great importance and attracted sufficient interest from both the astrophysical studies such as accretion disk theory and laboratory researchers ͑see, for example, Refs. 5-11͒, since Balbus and Hawley 12 restudied and applied this MHD instability to the accretion disks and found that even weak magnetic fields can linearly destabilize the otherwise purely hydrodynamic stable accretion disk. Stimulated by the astrophysical significance of MRI ͑see, for example, recent reviews of the MRI in astrophysics 13, 14 and references therein͒, in conjunction with a deceptively simple setup, namely, the Taylor-Couette ͑TC͒ flow configuration, 9, 10, 15 theoretical [16] [17] [18] and experimental [19] [20] [21] [22] [23] studies of magnetorotational instability have proliferated. Many analytical and computational studies have been carried out by taking into account increasingly complex and realistic assumptions to examine the linear and nonlinear properties of MRI, including effects due to the resistivity and viscosity, 16, 17 Hall term, 8 ambipolar diffusion, 24, 25 general relativity, 26 finite Larmor radius, 27 and so on.
The TC flow confined in a differentially rotating cylinder is one of the most fundamental problems in classical fluid dynamics. 28 It has been shown that the TC flow will be hydrodynamically stable if the angular momentum increases outward but magnetohydrodynamically unstable when the angular velocity decreases outward. 1, 12 The magnetorotational instability stems from the angular momentum transferred via the magnetic tension in the field lines. 28 Taking the Keplerian angular velocity profile in accretion disks for example, namely, ⍀ϰr −3/2 , 13 the angular momentum ͑ϰr 1/2 ͒ increases outward whereas the angular velocity ͑ϰr −3/2 ͒ decreases outward. Hence, hydrodynamically accretion disks would be stable but magnetohydrodynamically unstable, which directly leads to disk turbulence and orbital angular momentum transport. 13, 28 On the other hand, it is well known that when the ion gyroradius is much less than the collisional mean free path in a magnetized plasma, the heat will be restricted to being transported primarily along the magnetic force lines. 29 In this case, the anisotropic transport effects should be taken into account by the MHD equations to describe the dynamic behavior of plasmas. [30] [31] [32] [33] [34] By taking into account anisotropic heat conduction, the vertically thermally stratified plasma placed in a transverse magnetic field has been shown to be buoyantly unstable when the thermal temperature increased in the direction of gravity. 35 The kind of thermal convective instability is the so-called magnetothermal instability ͑MTI͒ and its nonlinear evolution and saturation have been investigated with the aid of numerical methods. 31, 36, 37 Recently, background cooling flow was taken into account to examine the MTI and the presence of an equilibrium heat flux can drive a buoyancy instability analogous to the MTI when the temperature decreases in the direction of gravity. 38 This thermal convective instability combined with MRI was first investigated by Balbus. 6 However, the anisotropic dissipative effects were not considered and this has motivated this study.
In this paper, we investigate the local linear thermal convective and shear axisymmetric instability of a differential rotating plasma by taking into account the anisotropic resistivity and viscosity dissipative effects in the presence of an a͒ Electronic mail: renhjun@mail.ustc.edu.cn.
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axial magnetic field. By restricting ourselves to the weakly ionized plasmas, in which the cross-field resistivity is much less than the parallel resistivity, we disregard the cross-field resistivity in the calculation in order to obtain a straightforward analytic expression for the growth rate as well as the instability criteria. Resistivity and viscosity are shown to reduce the growth rate. The present paper is organized as follows: In Sec. II, the basic set of dissipative MHD equations is presented with the addition of the anisotropic heat flux and a gravitational field. The linear dispersion relation is then derived by using local linear analysis. Section III is devoted to the analysis of the dispersion relation and a limiting case in which viscosity approximates resistivity is discussed in detail. The analytical growth rate is obtained and finally, the conclusion is given in Sec. IV.
II. DISPERSION RELATION
We start our derivation using the standard dissipative MHD equations. The continuous equation is
and the plasma motion equation is
The divergence-free property of magnetic field is
and the magnetic diffusing equation is
Finally, the energy equation is
Here, is the mass density, V is the fluid velocity, d / dt = ‫ץ‬ / ‫ץ‬t + V · ٌ is the convective derivation, p is the pressure, B is the magnetic field, g is the gravitation acceleration, J = ٌ ϫ B / 0 is the current density, ⌸ J is the viscosity tensor, E is the electric field, T is the temperature in the energy unit, and S =3p ln͑p −⌫ ͒ / 2T is the entropy per unit mass. The adiabatic index ⌫ is 5/3. ‫ץ‬ j is denoted for ‫ץ‬ / ‫ץ‬ r j and summation over repeated suffixes is assumed. In a magnetized plasma, when c 2 2 ӷ 1, where = eB / m is the cyclotron frequency and is the mean collisional time, the heat conductivity, resistivity, and viscosity are all anisotropic. Under these circumstances, the anisotropic heat flux Q is given by
where ʈ and Ќ are the parallel and cross-field thermal conductivity, respectively. b = B / B is a unit vector in the direction of the magnetic field. According to Ref. 39 , there is Ќ Ӎ ʈ / ͑1+ c 2 c 2 ͒ to a first approximation. For eB / m ӷ 1, the cross-field heat transport can be ignored and then, we have
where Ӎ 6 ϫ 10 −7 T 5/2 erg cm −1 K −1 ͑Ref. 38͒ is the Spitzer Coulomb conductivity. 39 The formula above indicates that the heat is restricted to flowing along the magnetic force lines. This condition can be easily satisfied when the magnetic field is strong enough and/or the plasma is sufficiently dilute. As in the flaring solar corona with typical values for magnetic field strength B =10 −2 T, n =10 15 m −3 , and typical size length l =10 7.5 m, 40 one finds that the proton gyrofrequency timed by the mean collision time ͑i.e., p Ӎ 0.75T 3/2 / n͒ is about 10 6 , 40 which is much greater than one. In this case, anisotropic heat transport must be used and the cross-field transport term can be neglected.
The Ohm's law reads
͑8͒
where ʈ and Ќ are the parallel ͑with respect to the magnetic field͒ and cross-field resistivity, respectively. J ʈ and J Ќ are the parallel and cross-field current density, respectively.
According to Ref. 42 , there exists ʈ / Ќ =1+ c 2 2 . It should be noticed that in fully ionized plasmas, the well-known Spitzer resistivity in the cross-field direction is about twice of the parallel resistivity, 43 or more precisely, Ќ = 1.98 ʈ ͑Ref. 44͒ when c ӷ 1. But in the weakly ionized plasmas, this ordering relation becomes ʈ = c Ќ . 45 Furthermore, the isotropic dissipative effect on the magnetorotational instability has been well examined ͑see, for examples, Refs. 15 and 46͒. In this case, we neglect the cross-field term in our calculation to investigate the effect of anisotropic resistivity on the instability and rewrite the magnetic diffusing Eq. ͑4͒ as
͑9͒
For viscosity, it is appropriate to adopt the Braginskii's expression for the viscosity tensor ⌸ J ͑Refs. 29, 40, 47, and 48͒
where 0 is the first Braginskii's coefficient of viscosity and I J is the unit tensor. We consider an axisymmetric plasma rotating in the azimuthal direction with the angular frequency ⍀ = ⍀͑r͒ and use a standard cylindrical coordinate system ͑r , , z͒. The equilibrium quantities are V 0 = ͑0,r⍀ ,0͒, B 0 = ͑0,0,B 0 ͒, and g = ͑−g ,0,0͒. The motion equation gives the radial equilibrium condition as
͑11͒
where 0 and p 0 are the equilibrium plasma density and pressure, respectively. The prime of p 0 is the radial derivative. Note that there is no additional restriction on the differential angular velocity ⍀͑r͒ except the equilibrium condition above.
In this section, we derive the dispersion relation. Under the cylindrical coordinates, the perturbed velocity is ␦V = ͑Ṽ r , Ṽ , Ṽ z ͒ and the perturbed magnetic field is ␦B = ͑B r , B , B z ͒. The perturbed mass density and pressure are and p respectively. The perturbed profile is assumed to have the Wentzel-Kramers-Brillouin ͑WKB͒ space-time dependence exp͑−it + ik · r͒, where is the wave frequency and k = ͑k r ,0,k z ͒ is the wave vector. All perturbations are supposed to be axisymmetric. The WKB assumption requires kL ӷ 1, where L is the local scale length of the system inhomogeneity. We also assume that all 1 / r terms are much less than k so that they can be ignored. Beside, there exists B 0 · ٌT = 0. This implies that the heat flux in the initial state is zero and under the equilibrium conditions, the magnetic force lines are isothermal. Thus, it is sufficient for us to work in the Boussinesq limit. That is, the fluctuation of pressure is much less than that of density in the energy equation, viz. p / p 0 Ӷ / 0 , and in the perturbed mass conservation and momentum equations, the density variations can be neglected except when they are coupled to the gravitational term. 49, 50 In this case, one gets ‫ץ‬ j V j = 0 and hence, the viscosity term in Eq. ͑5͒ is simplified to
The perturbed heat flux is
͑13͒
Thus, the linearized perturbed equations are
where we have adopted ␦b = ␦B / B 0 − b ͑␦B / B 0 ͒ and 0 = 0 / 0 is the kinetic viscosity coefficient. The ͑r , ͒th components of the perturbed velocity in terms of perturbed magnetic fields can be obtained from Eq. ͑16͒
The perturbed velocity Ṽ z in termed of Ṽ r is given by Eq. ͑14͒ as
Meanwhile, the third component B z can be deduced from ٌ · ␦B = 0, which gives
The ͑r , , z͒th projections of the perturbed plasma motion Eq. ͑15͒ are
Here, V A = B 0 / ͱ 0 0 is the Alfvén speed and 2 = ͑2⍀ / r͒ ‫ץ‬ ͑r 2 ⍀͒ / ‫ץ‬r =4⍀ 2 + ‫ץ‬⍀ 2 / ‫ץ‬ ln r is the square of the epicyclic frequency or Rayleigh's discriminant. 2 In the Keplerian differential rotation system ͑i.e., ⍀ϰr −3/2 as aforementioned͒, = ⍀. Substituting the perturbed velocities above and perturbed pressure in terms of Ṽ z from ͑24͒ into Eqs. ͑22͒ and ͑23͒, we obtain
On the other hand, Eq. ͑17͒ gives rise to the perturbed density in terms of B r and B as
where we have used ␦T Ӎ −T / 0 and defined 
Substituting from above in Eq. ͑6͒ combined with Eq. ͑9͒, we obtain the linear dispersion relationship
where we have denoted
III. ANALYSIS AND DISCUSSION
In this section, we discuss the dispersion relation ͑29͒ of thermal convective and magnetorotational instability in dissipative plasmas. Further discussion about the dispersion relation requires simplification of Eq. ͑29͒. Here, we are restricted to the high-␤ limiting case, where ␤ = p 0 / ͑ 0 V A 2 ͒ is the ratio of plasma kinetic pressure to the magnetic field pressure, and assume that T ӷ , which results in that the thermal temperature gradient becomes dominant whereas the entropy gradient term can be neglected. Hence, we obtain the simplified dispersion relation as = g e ‫ץ‬ r ln T ͑Note that d 2 can be either positive or negative͒. We then define four dimensionless parameters: Prandtl number, P m ϵ / ; Lundquist number, S ϵ A / ; magnetic Reynold number, R m ϵ ⍀ / ; and the square of normalized local dynamic frequency,
We also define 2 ϵ k 2 / k z 2 − 1. By introducing the normalized growth rate, ␥ =−i / , the dispersion relation above can be rewritten as
It is easy to find that both resistivity and viscosity reduce the value of ␥ when other parameters are fixed. That is, resistivity and viscosity show stabilizing effect on the instability. Now, we concentrate on a special case in which P m =1, meaning that the viscosity approximates the resistivity effect. The dispersion relation above is reduced to a quadratic equation for ␥͑␥ +1͒, which has roots for ␥͑␥ +1͒ as
where we denote
which is always positive. Combining the equation above and Eq. ͑33͒, it is easy to find that the instability occurs provided that ⌿ 3 Ͻ 0, which means
Ignoring the temperature gradient term in the equation above yields the pure magnetorotational instability criterion found in Ref. 12 :
shows that the anisotropic dissipative terms have no effect on the instability criterion, which is identical with that in the ideal MHD limit. It should be pointed out that this is not the case for B 0. When b has a component along direction, anisotropic resistivity and viscosity are expected to affect the instability criterion significantly since even a purely azimuthal field yields nonaxisymmetric instabilities. 28 An azimuthal field is also shown to profoundly alter the previous results of MRI for purely axial fields. 51 On the other hand, we emphasize that the isotropic dissipative terms have been shown to remarkably change stability criterion. 15, 46 However, these are beyond the scope of the present paper. Expressed by the original parameters, the instability criterion above can be rewritten as
which is identical with the one reported in Ref. 6 . As pointed out in Ref. 6 , even weak magnetic field can alter the critical condition for instability significantly, implying that the critical condition for the instability to exist in the presence of magnetic field differs remarkably from the unstable condition when the magnetic field is absent. For instance, in the limit of S Ӎ 0, Eq. ͑32͒ yields directly the growth rate as
and consequently, the instability criterion is now 
where a and b are defined as
Thus, we find 2 =4⍀ 2 + ‫ץ‬⍀ 2 / ‫ץ‬ ln r =4⍀a. As a result, ignoring the temperature gradient term in Eq. ͑37͒ yields the classical Rayleigh instability criterion as a Ͻ 0, 52 whereas the Balbus criterion ͑35͒ requires b Ͼ 0 for an instability to exist when the last two terms on the left-hand side of Eq. ͑35͒ are very small.
In the absence of differential rotation, i.e., R m = 0, the criterion ͑34͒ is simplified to
This is the critical condition for the MTI to come into being in the presence of nonideal dissipative effects. In other words, the thermal convective instability occurs provided that
For weak magnetic field limit, the earlier result is recovered as g‫ץ‬ r ln T Ͻ 0, the so-called Balbus criterion of MTI. 35 It should be pointed out that the anisotropic resistivity/viscosity in our model has no effect on the instability criterion as shown in Eq. ͑34͒. However, we stress again that is not the case for B 0. The instability criterion ͑35͒ yields
The formula above indicates that there exists a maximum for , beyond which the thermal convective instability in association with the MRI is absent. Easy to find that will reach its maximum at S Ӎ 0, which gives
According to the previous analysis ͑see Ref. 15 for details͒, is less than 2 for instabilities to come into being. Since F d 2 can be negative, i.e., the temperature increases in the direction of gravity, Eq. ͑43͒ indicates that this upper limit of is exceeded. In hot accretion flows onto compact objects, ‫ץ‬ r T is believed to be less than zero due to the release of gravitational potential energy and the inflow of matter. In cooling atmosphere of white dwarfs and neutron stars, the flow of heat outward drives ‫ץ‬ r T Ͻ 0. 38 Similar cases can be found in tokamak plasmas ͑see, for example, Ref. 53͒ and in the ablative inertial confinement fusion capsules 54, 55 in which the temperature increases along the direction of the effective gravity.
Although the anisotropic dissipative terms do not change the instability criterion, they do show significant effects on the growth rate, which is determined by Eq. ͑33͒ as
. ͑44͒
Setting S = 0 in the equation above yields the previous expression of growth rate ͑36͒ for P m =1.
IV. CONCLUSION
Anisotropic resistivity and viscosity dissipative effects on the thermal convective and magnetorotational instability is investigated by using dissipative MHD equations. Under WKB approximation, we obtain the general dispersion relation ͑29͒ of the local instability in the Boussinesq limit as well as the reduced dispersion relation ͑31͒ for T ӷ , which gives the instability criterion ͑35͒ for k z V A 0 and criterion ͑37͒ for k z V A = 0. The growth rate determined by Eq. ͑33͒ can be expressed as Eq. ͑44͒, which is reduced to Eq. ͑36͒ in zero-magnetic field case. Our results show that the anisotropic dissipative terms do not affect the instability criterion, which is identical with the one obtained in the ideal MHD case. On the other hand, both resistivity and viscosity reduce the value of ␥. That is, they have stabilizing effect on the thermal convective and magnetorotational instability. It is noted that only axial magnetic field is considered in our model. It is expected that azimuthal magnetic field will yield nonaxisymmetric instability differing from the axisymmetric standard magnetorotational instability. 28 A point needed to be specifically emphasized is that we have ignored the crossfield resistivity in our calculation by assuming the plasma is weakly ionized in order to derive the analytic expression for the instability growth rate. However, isotropic term induced by the cross-field resistivity has been shown to have significant effect on the instability criteria as aforementioned. Taking into account both of the parallel and cross-field resistivity may give the full understanding of the effect on the magnetothermal and magnetorotational instability due to the anisotropic resistivity.
